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My friend, Asim Barut, was always interested in classical field theory and
in particular in the role that a divergence term plays in a lagrangian.
This paper addresses this question via the energy-momentum tensor.

Abstract

We consider the inhomogeneous Lorentz-group as the fun-
damental symmetry group of all of physics. For Lorentz-
invariant actions in classical Lagrange field theories we con-
struct the energy tensor and the energy-momentum tensor.
These are intimately related to the generators of the inhomo-
geneous Lorentz group. With respect to additional symmetry
groups of the action, only the physical conservation laws are
invariant.
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1 Introduction

The concept of the energy-momentum tensor in classical field the-
ory has a long history, especially in Einstein’s Theory of Gravity.
We consider the inhomogenous Lorentz-group as the fundamental
symmetry group of all physics. A physical Lagrange action is then
Lorentz invariant. Translation invariance leads to an energy ten-
sor, and Lorentz invariance to an energy-momentum tensor. These
tensors are Lorentz-covariant. The energy-momentum tensor is sym-
metric whereas the energy tensor in general is not symmetric. Any
additional symmetry of the action will be treated separately from
Lorentz-invariance. In this paper we construct the energy tensor and
the energy-momentum tensor for the following action

A= /dCULo —&—/dx(“)#B“,

where Ly and B* depend on the field and its first derivatives. The
influence of additional coordinate symmetry of the action will be
investigated.

2 The Variational Principle

Let 7,,,, denote the Lorentz metric tensor with signature (44— ——)
and n*? its inverse. Raising indices is performed with n** and low-
ering indices with 7,,.

¢ = (¢n) stands for a multicomponent field. The Lorentz 4-
volume element is represented by dz. We also use the abbreviations
Oy = % and ¢, = 0,¢.

We now consider the following action

A:/Lw, (1)

where
L=Lo+9,B", (2)
and
LO = LO (¢a ¢M) ’ (3)
B" = B" (¢, $v) , (4)
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The energy-momentum tensor in classical field theory
i.e. Lo and B* depend on the field ¢ and its first derivatives only.

According to the calculus of variation (Appendix) we get the fol-
lowing relations

0A = /dmé*L + /(% [LézH] - d, (5)

5A = / ds, Lo + / 9, [Loda" + (9. B*) " + 6.B" de.  (6)

Definition 1. 1.

Ht = —. 7
90, (7)
2. FEuler derivative
B 0L 0Lg
£(¢) Lo 87¢ - 8#% (8)
3.
G =¢(¢) Lo. (9)

Then our variational principle reads

SA = /dg; [aLO ggo(s ) ]

+/8” [Lodat + (0o B*) 62" + 6. B"] dx (10)
:/Gé*qb -dr + /6‘u [Lodz" + H"5,¢ + (0o B) 62" + 6, B"] da

From the relation
0y =0 — 020y,

we then get

5A:/G6¢dx—/G¢(,6:v”da:

+ / Oy [Lodat — H ¢z027 + H"6¢ + (0o B”) 6xt + 0, B"] dx.
(11)
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Definition 2. FEnergy tensor
EY = H{¢, — 08 L. (12)

Using this energy tensor and the Appendix the variation of the action
becomes

0A :/G&bdx — /Gqﬁaéx" -dx
+/8u [—E!6x® + H"6¢ (13)

+B" (0,02%) — B* (0,,02") + 6B*] d.

3 Coordinate Variations

We assume now that the field ¢ transforms according to a repre-
sentation of the inhomogeneous Lorentz group. Then

6¢ = =5y (9) poa*, (14)
and the variational principle reads
5A :/de {—qﬁgéxa - Sfaﬁ(sﬁ%

/ 0, [—Egax'f — H"SP0362> + BP0,02" — B*0,02"

oB* oB* oB*
—{ o SE+ 945 Ot B &XSf}@g(Sa:)‘ (15)
oB*

- 3 A
5 A0adsir | da.

Definition 3. 1.

oB" oB" oB#

pH8 =stph _ s0pr so 9,55, (16
NS BT OB 5 St 96, M T 95, 0% (19

2.
Kl = HHSS 4+ PI. (17)
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The energy-momentum tensor in classical field theory
The variational principle reads

SA = / da {—nggém" - GSfa@éx’\}

oB*
9¢a

+ / M {—Ef;éx" — KM 9560> — } x,  (18)

or

A= / dz {05 (GSY) - Gy } o

"
/a [ (B! 4+ GSHY 627 — K960 — oB

Do

sfaaagaxk} dx
(19)

4 Lorentz-invariance of the action

If the action is Lorentz-invariant then §A = 0 for infinitesimal
Lorentz transformations

oxt = wha’ + da*, (20)

where da* represents an infinitesimal translation and w,, = —w,, an
infinitesimal proper Lorentz transformation
a) Translation invariant action

Because of dgdz# = 0 and (18) we get

O El + Gos = 0. (21)
b) Lorentz invariant action
Because of 0z = w)a?, 962> = W}, Wap = —Wpa, dadpdr® =0
and (18) we get
—Goowla® — GSYw) + 0, |~ Elwla® — Kf;%g} -0, (22)
ng‘ with wapg = —wga-
Definition 4. 1.
ErY =n* El. (23)

Concepts of Physics, Vol. Il (2005) 299



Then

Walter Wyss
B _ ABprpe
KM = P K",

Freb =

[Kuaﬁ _ K#ﬁa] )

N | =

FHoB — _Fuﬁa7

and from (22) we get

—Gn [z’@gb,\ + Sf} was + Oy [fE””‘xﬁ + F“O‘ﬁ] wap = 0.

Definition 5. Angular momentum tensor

MHeB =

Then (27) reads

[Eregh — proge] — preb,

N =

8MM;LO£ﬁ + %G [n/\axﬂ _ T}Aﬂxa] b + %G [Sﬁa _ Saﬁ] =0,

or equivalently

9, FHreh ==
' 2

1

2

[EP™ — E*P] + ~ [(0,E*) 2P — (9,E"7) 2°]

1
2

+}G [(,bA {nAaxﬁ . ’I’})\ﬁl’a} + S,@a . Sa,@] )

Translation and Lorentz-invariant action

Combining the above cases a) and b) we get

o Freb — Z
. 2

Definition 6.

300

6/1E5 = —-Goy,

L [EP* — E*F] + %G [§P — 52T .

1.

QHraB = pural 4 Fomns + Fﬁua7
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The energy-momentum tensor in classical field theory

2. Energy-momentum tensor
TH® = BF 4 GSH™ + 9g0HF, (34)
©#F has the symmetry property
QHaB — _@Par, (35)
The energy-momentum tensor then can be written as
TH = % (EF™ + EO‘”)—F%G (SHY + S +0g [FWﬁ + F““B} . (36)

It has the following properties
1.

THe =T, (37)
OuTH = =G + 8, (GS") . (38)

The angular momentum tensor (28) can now be expressed, using the
energy-momentum tensor, as

MHeB :1 (T”O‘xﬁ _ Tuﬁxa) + 155\ (@/\auxﬁ _ @Aﬁuxa)
2 2
1
—ZG (SHagB — gHB g

LG (000 — 50
Remarks
1) The energy tensor E** is in general not symmetric. It is related
to translation invariance.

2) The energy-momentum tensor TH¢ is symmetric. It is related to
proper Lorentz invariance.

5 Additional Symmetry of the Action

Here we assume that the action is invariant under a larger coor-
dinate transformation group than the inhomogeneous Lorentz-group.

Translation and affine invariant action
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Translation invariance implies from (21)
8HE</7L =—Goo. (39)
Infinitesimal affine transformations are given by
St = Adx®, (40)

where A, are infinitesimal constants with no symmetry. Then we
get from (18) and (39)

D KrP = —EF — GSos. (41)

This relation is more restrictive on the auxiliary quantity K#*? than
Eq. (32). The energy-momentum tensor however is still given by

1 1
o _ 5 (BHe 4 Eor) 4 §G(S“°‘ + §om) (42)
+8p (F1oP 4 Fors) . (43)

General covariant action

Here the infinitesimal transformations éz® are arbitrary. From trans-
lation invariance we have

OMEY = —Goy, (44)
and from affine invariance
O KrP = —peP — GSes. (45)
Eq. (18) then reduces to

oB*
9¢a

"
gg 558,000502> = 0.

KP0,0502™ + 0, { —
(46)

Sf} - D002 +

For arbitrary dz* this implies

1.

o dBH o oB"
KAMa,L{a%sf}:—[Kf +au{%sAH. (47)
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The energy-momentum tensor in classical field theory

OB
> 5 S =o0. (48)
(moaB)

where (u, @, 3) indicate the sum over all permutations of p,a, .
From equations (25), (33) we find

2QHaB —9 [Bue _ (Kﬁmx + Kuﬁa)

+ (Kuaﬂ + Kauﬁ) _ (Kaﬁu + Kﬂ(lu) , (49)
with
KaBn = i, (50)
and
SPr = sy, (51)
From .- o
Ko  gPex — _p SN T gA | 52
+ M a(ba + 8¢[3 ( )
we then get
ral — gbBra agwmuaﬁ, (53)
where
1.0B° 0B° 0B°
Wosmalb — - SPk + SOH 4 g
2 [ 0da 0dg o
0B° 0B° 0B°
- Sre SB SHA). 54
005" 04" 0ga (64
The energy momentum tensor (34) becomes
TH* = EF* + GSM™ + 0g [Kﬁ“a + 8UWU’”O‘B} . (55)
Due to (45) we then get
TH® = 90, WHoB, (56)
Remarks

1) General covariance is very restrictive on the form of the Lagrange
density; the corresponding energy-momentum tensor is a divergence.
2) The corresponding energy tensor satisfies

O, E! = —Go,.
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6 Equations of motion and conservation laws

The equations of motion are given by demanding that the action
Eq. (1) is stationary, i.e. has a critical point under variations where
on the boundary of the integration domain dz* = 0,d,¢ = 0 and
040 = 0.

Then we get from Eq. (10) that the equations of motion are given
by

G =0. (57)

From Eq. (21) we get the conservation law of the energy tensor
ouEL =0. (58)

From Eq. (29) we get the conservation law for the angular momentum

tensor
8, M"*P = 0. (59)

From Eq. (38) we get the conservation law for the symmetric energy-
momentum tensor

0, T = 0. (60)
7 Examples
1)
A= [arL(g.0), (61)

The fields are a covariant tensor field g5 (9°° it’s inverse) and a
scalar field ¢. The Lagrange density is given by

L(g:0) = v/ [9° (0a9) (950) — m*¢°] . (62)
The relevant auxiliary quantities are
HBm — 87[’ =0
agaﬁ,u
H" = (;)L# =2V99" ¢a
G = & (gus) L = 59°°L ~ /59" 4" 6,6,
G=c(¢)L=-2/gm*¢ — 9, [2:/9 9" ¢a]. (63)
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The energy-momentum tensor in classical field theory

The energy tensor then becomes

Eg = 2\/§gua¢a¢o - 6gL

The representations of the Lorentz group are given as follows
(1) scalar field ¢ : Sf =0
(ii) covariant tensor field g

(Sf) = 659)\;) + 5590A~
op

The other auxiliary quantities are then given by

Py =0,

K{* =0,
Fref =,
el = .

The energy-momentum tensor now becomes

T =B 4 Gro (54)

op
= [BL+ G (58),,

=1 [2\/9 9"’ psbs — OLL + 2G" g,
TH* =(.

(64)

Because our action is invariant under general coordinate transforma-

tions, this result agrees with the general result (55).

2) A = [dzd,B" where B* = B* (¢, ¢,). ¢ is a general field. The
Lagrange density thus consists of a boundary term only. The relevant

auxiliary quantities are
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305



Walter Wyss

H* =0,
G =0,
EY =0,
Kﬁ\l‘a :P//\ta,
o o o 8 83“ aB
1
FHeB —Z [prab _ pufal
.| ]
The energy-momentum tensor then becomes
o :36 [F#aﬁ + Fomﬂ]
1
:855 [Puaﬂ 4 ponB _ puBa _ paﬁu} ) (66)

We also have from (32) and (38) the relations

B, Fre? =0,
0, T = 0.

For this action where the Lagrange density is a boundary term only,
we have no equations of motion. The energy tensor vanishes but there
is a conserved, nontrivial energy-momentum tensor.

8 Conclusion

We looked at physical systems described by a classical Lagrange
action. The Lagrange density depends on the field, its first and its
second derivatives but in such a form that the equations of motion
(Euler derivative) are partial differential equations of second order.
We consider the inhomogeneous Lorentz group as the fundamental
symmetry group of all of physics. Translation invariance leads to the
energy tensor E¥, proper Lorentz invariance to the angular momen-
tum tensor M#*? and invariance with respect to the combined inho-
mogeneous Lorentz group leads to the symmetric energy-momentum
tensor T#. If the equations of motion are satisfied we get physical
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The energy-momentum tensor in classical field theory

conservation laws. In case the equations of motion have an additional
symmetry besides Lorentz convariance the physical conservation laws
also have that symmetry. If the action is invariant under general coor-
dinate transformations the energy-momentum tensor is a divergence.
This is the case in Einstein’s Theory of Gravity. Applications to elec-
tromagnetic interactions and the theory of gravity will be published
separately.

9 Appendix - Calculus of Variation

Let x represent a point in Minkowski space. In a local coordinate
basis z has the coordinates {z*}. Let ¢ be a multicomponent field
defined on Minkowski space. An infinitesimal variation of ¢ results
in the field ¢. The field variation (local variation) is then defined by

(0:0) (x) = ¢ (2) — ¢ ().
d, commutes with the derivative, i.e.
0.0, = 06

An infinitesimal coordinate transformation on z* results in new co-
ordinates Z*. The coordinate variation is then defined by

oxt =zt — xk.

The total variation of a field ¢, induced by a coordinate variation, is
given by -
(69) (z) = ¢ (2) — ¢ (2).

We then have the relation
0. =0 — (62*) 0,
as applied to any field. We have the following total variations
5 = —S% (¢) Dp0a™.

1) scalar field
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2) covariant vector field
(%) =don
3) covariant tensor field

(S3(@) =707+ 67001

ap

4) spinor field

1
SY(¢) = 3 (29" = A#4P) dmpn.

The variation of the action is given by

0A = 5/Ldz = /(5*L) dx + /@ [Lox*] - dx.

For the action

A= / da [Lo + 9,B"],
where Lo = Lo (¢, ¢,.), B = B (¢, ¢,), with

0Lg
r =
aqbﬂ
and the Euler derivative
0Ly
5(¢)L0 = TQS —BHH“ _G,
we have the following statements
Lemma 1.
0.Lo = Gé,¢ + 0, [H"0.9]
Proof.
8L0 0Ly
0.Lo = X — s
° =95 " g,
L
=080 + O [HV6.6] — (9, 8.0

8,Lo =Gb,¢ + 0, [H"5,¢)] .
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Lemma 2.

/ 9, [(02B%) 6 + 5. B) dar —

/8 H(0q0x®) — B* (0p02*) + 6 B*] dx.

/OM [0n (B%dzH) — B0zt — (0o B*) 62 + 6 B*| dx
/6 (B*§z%) — B*9, 02" — (0o B*) 6% + dB*| dx

= / 8, [B"0ab2® — B 0,01" + 6B") dx

O
Lemma 3.
0o, = On (00) — d50adx®
Proof. From
0y =0 — 020y,
and
0400 = Oulx,
we get
0¢a =0x0a + 027 oo
:aa [5(725 - 5‘TJ¢G] + 5:750(725(10'
0o =00 (00) — ¢g0a 027 . (67)
O
Lemma 4.
oB* oB* oB#
Bt — B B A
1) 90 Sy + 8(;55@‘4_ a%aasA 0gdz (68)
oB#* 8 A
— 9on S5 000", (69)
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Proof.
63“:85;6@5 S e = a¢ 95" 56+ aﬁ (0006 — by Dadz”)
. 8611 SP0500* — % 9B D27 — %aa (Sfaﬁaxk) .
O
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