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Numerical prediction of absolute crystallization rates
in hard-sphere colloids
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Special computational techniques are required to compute absolute crystal nucleation rates of
colloidal suspensions. Using crystal nucleation of hard-sphere colloids as an example, we describe
in some detail the novel computational tools that are needed to perform such calculations. In
particular, we focus on the definition of appropriate order parameters that distinguish liquid from
crystal, and on techniques to compute the kinetic prefactor that enters in the expression for the
nucleation rate. In addition, we discuss the relation between simulation results and theoretical
predictions based on classical nucleation theory.2@4 American Institute of Physics.
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I. INTRODUCTION rates that could be compared quantitatively with experiment.
. . . ) Interestingly, there are some significant differences between

. A collection of identical hard spheres_|s probably th_ethe numerical predictions and the experimental results. This
simplest model system that undergoes a first order freezmg surprising as so far experiments and computer simulations

transition. For low packing fractions the particles are in a f hard spheres agree on almost every physical profstaty
liquid state, but when the packing fraction exceeds a value Ogn overview see, e.g., Ref. 10

49.4% an ordered solid state becomes more stable. This was In the present paper we give a detailed description of the

first shoy\{n In gomputer S|mqlat|ons by Hoover and Riee numerical techniques that are needed to predict colloidal
1968. Inltlally, liquids and _SOI'dS of hard spheres were pu_relycrystal nucleation rates. We then proceed to discuss our nu-
theoretical concepts, but in the 1970s and 1980s experimeRa o) results in more detail than was possible in Ref. 9.

tal realizations of the hard sphere were developed, viz. SuSrhe rest of this paper is organized as follows: First, in Sec.
pensions of hard, uncharged collofds For instance, in "\ briefly review classical nucleation theof@NT) and

1986, Pusey and van Megen showed that polymethylgy,\ how it is used for the interpretation of the experimental

methacrylate(PMMA) particles stabilized by chemically 545 Next, in Sec. I1I, we give a detailed description of the
grafted polyhydroxystearic aciPHSA) reproduced closely . merical techniques needed for the calculation of a nucle-
the equilibrium phase behavior expected of hard spf?laresation rate. In Sec. IIlA we discuss the calculation of the

Nowadays other realizations are also kndwn. nucleation barrier and, in Sec. Il B, of the kinetic prefactor.

Whereas initially the expgrimental study of hgrd-sphgreThe structure of the crystal nuclei is discussed in Sec. IV.
colloids focused on the equilibrium phase behavior, during

the past decade the focus has shifted towards the experimen-
tal study of the phase transition kinetics of hard-spheré'- CNT AND NUCLEATION RATE EXPERIMENTS

colloids®~8 Crystallization in colloidal suspensions is inter- The main problem when studying crystal nucleation, ex-
esting because it can be studied in considerable detail. Tr&rimenta"y as well as in computer Simu|ati0nsy is that crys-
major problem of experimental investigations of crystalliza-ta| nucleation is an activated process. First, small crystal nu-
tion kinetics in atomic systems is the high speed of nucleug|ej need to form spontaneously in a supersaturated solution,
formation and subsequent crystal growth, as well as the difyyt unless their size exceeds a critical value, they will redis-
ficulty of preventing heterogeneous nucleation. Colloidalsolve rather than grow. According to CNT the free energy of
particles are much larger than atoms and therefore crystallizg spherical nucleus that forms in a supersaturated solution
on a time scale that is about ten orders of magnitude longefontains two terms. The first is a bulk term, which takes care
than that in atomic systems. Moreover, because of their sizgyf the fact that the solid phase is more stable than the liquid.
colloids can be probed by powerful optical methods such ashijs term is negative and proportional to the volume of the
time-resolved static laser light scattering and confocal minycleus. The second term is the surface term which describes
croscopy. In these systems it is also somewhat easier to Cofhe free energy needed to create a liquid—solid interface. This
trol heterogeneous nucleation. In a recent I8t reported  term is positive and proportional to the surface area of the

a numerical Study of the CrySta”ization kinetics in hard- nucleus. Tth|bb9 free energy of a spherica' nucleus of
sphere colloids. This work demonstrated that it is Nnow posradiusR has the following form:

sible to make parameter-free predictions of crystal nucleation

AG=347R3pAu+47R?y, (1)
dpresent address: Department of Chemistry, Cambridge University, LenéN_here Ps iS_ the nu_mber denS_ity of the bulk 59|M_\M the
field Road, Cambridge, CB2 1EW, UK. difference in chemical potential between the liquid and the
0021-9606/2004/120(6)/3015/15/$22.00 3015 © 2004 American Institute of Physics
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solid, andy is the liquid—solid surface free energy density. PPN L A T 1 ]
The functionAG has a maximum aR=2vy/(p¢Au|) and 10 e
the corresponding height of the nucleation barrier is given by 12 [ e
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For small nuclei the surface term dominates and the free ol
energy increases. Only if this nucleus exceeds a critical SiZGZtn 10"° 3
does its free energy decrease and the liquid start to crystal- ‘£
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and the crystal nucleation rate is given by the produd® gf 7
and a kinetic factok, which describes the rate with which a 10
critical nucleus grows. The corresponding expression for the
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3k (P3|A,U~| )2 FIG. 1. Measured crystal nucleation ratess of function of volume fraction
¢ in a system of hard-sphere colloids. The data are taken from Repeh
where circles and Ref. 11(filled cubes. The lines result from a two parameter fit
of Eqg. (4) to the experimental data. The inset shows the dimensionless

nucleation rate densities plotted logarithmically vs@i(w)?. The figure is
taken from Ref. 12.
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Here p; is the number density of the liquid,Z

= J|Au|/67kgTng;; is the Zeldovich factorDg is a self-

diffusion coefficient,n;; is the number of particles in the In this paper we approach this problem by using a com-
critical nucleus, and is a typical diffusion distance for par- bination of numerical techniques to simulate the crystal
ticles to attach to the critical nucleus. The above expressionucleation process. We use umbrella sampling, in combina-
for the nucleation rate is the one most commonly used taion with a local bond-order analysis for the identification of
analyze crystal nucleation rate experiments. The problerarystal nuclei, to compute the shape and the height of the
with the CNT approach is however that, in most cases, neinucleation barrier and to study the structure of critical nuclei.
ther\ nor y are accurately known. Both parameters are usedn addition we perform kinetic Monte Carlo simulations to
to fit the experimental observations. The result is often thatompute the kinetic prefactor. The resulting nucleation rate
estimates for the kinetic prefactor seem unphysical. To illusean be compared directly with experiments without any ad-

trate the problems that can arise from this approach we givfustable parameter. The numerical techniques are described
an example from recent experiments on crystallization inin the following.

hard-sphere colloids. In Fig. 1 we show the results from crys-
tallization rate measurements in hard-sphere colloids, per-
formed by two different group§&*! For thispsystem the dif-p Il NUMERICAL METHOD

ference in chemical potential between the two phases can be Simulating the crystallization process is a computational
calculated accurately from existing analytical expressions fochallenge, precisely because crystal nucleation is an acti-
the equation of state. The curves in the figure result from aated process. This implies that the formation of small crys-
two parameter fit of Eq.(4) to the experimental data. tal nucleiin a supersaturated liquid is infrequent but, when it
Palberd? fitted the data from Harland and van Medemd  happens, the process is quite fast, i.e., it proceeds on a time
obtainedy=0.5%gT/o? and A=17dyy, while for the data scale that can be followed in a molecular simulation. For
from Heymannet all* he found y=0.5%&gT/0? and \ instance, experimentally measured nucleation rates are typi-
=2.8dyy, Whereo is the particle diameter andyy is the  cally on the order of2(10%) to O(1CF) nuclei per cmipers.
nearest neighbor distance. The functional form is describetlve can estimate the number of time steps needed in a mo-
well by the CNT expression for the nucleation rate, but thelecular dynamic§MD) simulation to observe one nucleation
estimates for the surface free energy are now known to bevent. In a large-scale computer simulation, it is feasible to
rather low™® In addition, the values of the effective jump study the dynamics of)(10°) particles, but the number of
length A\ seem rather large. However, as the experimentaparticles in a typical simulation is some two to three orders
results could be fitted with Ed4), there was little reason to of magnitude less. For an atomic liquid, the volume of a
doubt the values of the fit parameters thus obtained fronsimulation box containing one-million particles is of order
experiment. As the crystal nucleation rate is a difficult quan<0(10 1% cm®. If one-million nuclei form per second in 1

tity to measure there is a clear need for a first principle precubic centimeter, then it will take, on average? Egéconds
diction of a crystal nucleation rate. for a nucleus to form in a system of one-million particles. As
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the typical time step in a molecular simulatigklD) is on

the order of femtoseconds, this implies that it would take 2(5) F 'E',?CU'D SR 151 G L
some 16* MD time steps to observe a single nucleation 0 b T FCC
event under experimental conditions. 15k
This example illustrates why it will be difficult to com-  § 45 &
pute nucleation rates using conventional MD simulations. @ s |
One way around this problem is to simulate a system at a,,% 0

much higher supersaturation, where the free-energy barriei§ 0 : i :

for the formation of crystal nuclei is sufficiently low to allow § 0L W ]
the system to crystallize spontaneously on a time scale that i:-:% 60 L ¢ ]
accessible in a MD simulation. The problem with this ap- g ] 1 50t .
proach is that, at such extreme supersaturations, crystalliza 40 1
tion may proceed differently than at moderate supersatura- 1 gg i ]
tions. For example, at high supersaturations, many crystal 1 10l o

nuclei may form simultaneously and may interact in an early o e . P =R i »

-02 -01 0 041 02 -015  -0.05 0.05

stage of their development. It then becomes difficult to com-

pare the computed crystallization rates with predictionsric. 2. Distribution functions of the local bond-order parametegs: g,

based on CNT. W, , andwg from Monte Carlo simulations in a hard-sphere system. Here the
In order to study crystal nucleation at moderate Supergutoﬁ ra_diusrq for the Ioce}l environm_ent of a particle is_ chosen to ba_r1.4

saturation, we exploit the fact that the crystallization rate igwnh:(;em‘g'i:;‘zshzlrg(;cﬁee gggﬁée,rhzz'rzsr? iae?gshtggrts"lve included the first, and

determined by the product of a static term, namely the prob-

ability for the formation of a critical nucleu®.;, and a

kinetic factor « that describes the rate at which such nucleially invariant and that therefore the identification of crystal-

grow. We use umbrella sampling to compitg;; and kinetic  lites does not depend on their orientation in space.

Monte Carlo simulations to compute The computed nucle- The local bond-order parameters are a measure of the
ation rates can be directly compared to experimental data. local structure around a particle and are constructed as fol-
In the following we first discuss the calculation of the lows. First we define a (2-1) dimensional complex vector
cluster size distribution, after that we turn to the calculationwith the components
of the kinetic prefactor. Np (i)

Qim(i)= No() Zl Yim(rij),
A. Calculation of the cluster size distribution .
where the sum goes over all neighboring partidiggi) of
particlei. Neighbors are usually defined as all particles that

are within a given radius, around a particIeY,m(Fij) are

The probability to form a crystal nucleus of siaean be
approximated byP(n)=N, /N, whereN, is the number of

C e . - 415
crystal nuclei of sizein a system containiny particles, the spherical harmonics evaluated for the normalized direc-

see also Appendix A. The approximation becomes better_aﬁon vectorfu between the neighbors. The orientation of the
N,/N becomes smaller, i.e., when the spontaneous formatlounit vector rj; is determined by the polar and azimuthal

of clusters is rare. Knowledge of the rafig, /N allows us to angles¢; and ¢ . The rotationally invariant local bond-

define the Gibbs free energyG(n) for the formation of a order parameters are then defined as follows:
nucleus of size, '

| 1/2
4

N A ]2

~ =X ~AG(n)/ksT]. ) W= 55,2, 1m0 )
Before we can calculatd,, in a Monte Carlo simulation we and
need to have a numerical technique that enables us to distin- w, (i)
guish between particles in a liquid and solid environment. To W, (i)= ] >3
this end, we use a local bond-order analysis which is de- (Zn- il Am()[%)
scribed below. with
1. Identification of solid cluster: Local bond-order (i)= E | | | (i) (i) (i)
analysis wi1)= s lmom, mg Qim, (1) Aim, () Qim, (1)

The local bond-order analysis we use was introduced by My My mg=0

Steinhardet al1® and applied to study nucleation by Frenkel The term in large parentheses in the last equation is the
and co-workerd’~1®The advantage of this analysis is that it Wigner-3j symbol. In Fig. 2 we show typical distribution

is only sensitive to the overall degree of crystallinity in the functions of the local bond-order parametess qg, W4, W
system, but independent of any specific crystal structurecalculated in a Monte Carlo simulation of hard spheres under
This requirement is important as otherwise we might forceconditions close to the coexistence point, where the liquid
the system to crystallize in a specific structure. A practicaland the solid phase are equally stable. The figure illustrates
advantage is that these bond-order parameters are rotatiotirat there is some separation between the distribution func-
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FIG. 3. Distribution functions of the dot produgg(i)-ge(j) from Monte  FIG. 4. Distribution functions of the number of connections per particle
Carlo simulations in a hard-sphere system. from Monte Carlo simulations in a hard-sphere system.

tions obtained from the liquid and those obtained from the

solid. Sometimes, there is even a separation between thie3 for bee. These numbers correspond to the first, or first and
solid structures themselves, a property that we will use latef€cONd nearest neighbors, which were included in the local
to distinguish between different solid structures. For theEnvironment. For the bee structure the peak is slightly shifted
identification of solidlike particles we have to choose an or-{0 lower values, which is due to the fact that the bee structure

der parameter that is able to distinguish between the liquid® 'elatively disordered. The bcc lattice of monodisperse
on the one hand, and all possible solid structures, on thgard—spheres melts spontaneously. We found, however, that a

other. From Fig. 2 we see tha, has some of the desired slightly polydispersé€3%) bcc crystal is mechanically stable.

properties, as the values of the solid phases are all shifted & used such a crystal to study the bce bond-order proper-
higher values compared to the liquid. These order parametef€S: Thus far, we have no clear separation between solidlike
are sensitive to the degree of orientational correlations of th@"d liquidlike particles, because the order-parameter distri-
vectors that join neighboring particles. In simple liquids wePutions overlap. We therefore apply a more stringent crite-
expect that there are no preferred orientations around a paii©n to distinguish between solid and liquid. To this end, we

ticle and therefore the correlations decay rapidly. In contrastMPOS€ & threshold on the number of connections a particle
for a particle with a solidlike environment the vectors areNas with its neighbors. All particles with less connections

correlated and as a result there should be a clear separatiftfn this threshold are considered to be liquidlike. We should
between distribution functions for the bond-order parametef2€@r in mind that, in a small nucleus, most particles are at the

For this reason we can enhance the selectivity of the methoghface. These should be recognized as solidlike. We found
by calculating the correlation function of the vectays of this is achieved if we choose threshold value between 6 and

neighboring particles andj, 8. The present analysis provides us with an unambiguous
. local criterion to identify solidlike particles. Finally, we need
) , e a criterion to identify which solid particles belong to a single
Ge(i)- %(J):mZG Gem(1) - Agm(}), cluster. For this purpose, we used a simple distance criterion:
if two solidlike particles are closer than a certain threshold

where thex indicates the complex conjugate. In Fig. 3 We gistance, then they belong to the same cluster. The values
show the corresponding distribution functions for a hard<nat we choose for this were betweend &nd 2.
sphere system. Note that we did not attempt to normalize the

dot-product. The relevant solid structures, which for the

hard-sphere system are fcc, hcp, and bcece, yield much high . .

valuesri‘or the zi/ot-product than t?]e liquid. Wg now define t\%voezr' Monte Carlo simulation

neighboring particles andj to be connected, if the dot- To calculate the nucleation barrier, we need to sample
product described above exceeds a certain threshold. In tliee equilibrium distribution function for the probability
case of hard spheres this threshold is set to 20. By using thiB(n), see Eq(6). In Appendix A we derived this probability
definition we can correctly identify effectively all particles in to be approximatel\N,,/N, whereN,, is the number of clus-

a solid to be solidlike, however also in the liquid it happensters of sizen in a system containind\ particles, see Eq.
quite frequently that a particle has more than one connectioffA5). In the preceding section we illustrated how a local
To illustrate this, we show in Fig. 4 the distribution functions bond-order analysis can be used to identify clusters in a sys-
for the number of connections per particle. Note, that theem. We now use these techniques to compute the cluster-
peak for the solid structures is at 12 for fcc, hep, and aroundize distribution by Monte Carlo simulation.

Downloaded 09 May 2007 to 145.18.109.185. Redistribution subject to AIP license or copyright, see http://jcp.aip.org/jcp/copyright.jsp



J. Chem. Phys., Vol. 120, No. 6, 8 February 2004 Crystallization rates in hard-sphere colloids 3019

[n all cases we performed Monte Carlo ;imulations in JdVfdriNA(MNYexd — BU(TN) + PV) JW W
the isobaric—isothermalNPT) ensemble. In this ensemble (A)\pr= S N ST Tw—
the average of a microscopic quantiyis given by Javfdriexd —B(U(rT)+PV)JW(r™) “W(r")

Xf dVvfdrNw(rNyexd — B(U(rN)+ PV)]
N N _ N
<A>NPT=defdr A,\(lr )exn: ﬁ(Lil(r )+PV)]’ def dI’NW(I’N)eXF[—,B(U(rN)+ PV)]
— +
Javfdriexd —p(U(r’)+PV)] AW, o
whereU(rV) is the potential energy of the system with par- (W(r™) ™ Hw

ticle positionsr™. 5=1/(ksT) is the reciprocal of the ther- \yhere we have introduced a, as yet, unspecified weighting
mal energy,N the number of particles, anél the applied fynction W(rN)=exd —Bw(r")], where o(rV) is the so-
pressure. In a Metropolis Monte Carlo simulation the above:a|ied biasing potential. Instead of performing a Monte Carlo
ensemble average is approximated by simulation using the original Boltzmann distribution func-
tion, we now sample phase space according to the biased
1 M distribution function exp—BU(rN)+PV)]W(rN), which is
(AnpT™ MZ A(r}), (7)  indicated by the subscrigt- ). By specifying the weight-
=1 ing function W we can force the system to sample in that
region of phase space which is important to improve the
whereM is the total number of measurements aX(diN) the  statistical accuracy.
value of our propertyA associated with configuratiar . In the case of crystal nucleation we can calculate the

In the case of crystal nucleation we need to calculate thensemble average according to the weighted ensemble, Eq.
average number of clusters of siseand Eq.(7) becomes (8), as follows:

LM oy S ING(rEW(r ]
(Nowpr= 7 2, Na(r}"). e S w4

where the sum goes over all measureméhtdVe now need

As an example we show the result from a Monte Carloto consider the choice of the weighting function.
simulation in a system of hard spheres. In the simulation we In Appendix A we showed that the probability for the
usedN= 3375 particles and applied a presstBo>=16. formation of a larger cluster is so small, it can be approxi-
At this pressure, the liquid phase is metastable with respednated by the probability to find one cluster of a certain size
to the solid, but does not crystallize spontaneously as th# the system, see E¢A3). For this reason we can choose a
Gibbs free-energy barrier between the two states is too higias potential that just controls the size of the largest cluster
The temperaturd@ does not play a role in that system. After in the system. In all cases the bias potential was chosen to be
equilibrating the system, one could in principle measure th& harmonic function of the size of the largest cluster in the
cluster size distribution after every Monte Carlo move, how-System
ever this_ would be computationally expensive and statistics o[n(rY)]= . [n(rN) —ng]2.
would still be poor, as the measurements are strongly corre-
lated. Instead we measure the cluster size distribution aftéFhe constank, determines the range of sizes sampled in one
one trajectory, which consists of 20 moves per particle plusimulation, whereas the minimumny determines which clus-
about ten volume moves. The total length of the simulatiorter sizes are sampled most.
was 100 000 trajectories. In this simulation we could mea- The implementation of the biasing potential in the Monte
sure the probability distributio?(n) up to cluster sizes of Carlo simulation is straightforward. As in the unbiased run
n=15 particles. The corresponding Gibbs free energy for theve try to avoid calculating the size of the largest cluster after
formation of such a cluster is shown in Fig. 6. The formationevery Monte Carlo move. Instead we perform a trajectory of
of larger cluster was so rare that the statistical accuracy waa certain number of Monte Carlo moves per particle accord-
too poor. In order to sample larger cluster sizes we needed tiag to the unbiased potentitl(rN). We then recalculate the
apply the umbrella sampling technique of Torrie andcluster size and accept or reject the whole trajectory accord-
Valleau?® which we describe in turn. ing to the pure biasing potential €xpBAw], where Aw is
the difference in the biasing potential after and before the
trajectory. This is equivalent to applying the bias potential
after every trial move, but computationally much cheaper.

Intuitively, it might seem easier to sample all cluster

The umbrella sampling scheme was proposed to handlsizes in one run, but it can be shown that this is not the
situations where important contributions to the ensemble avease?! mainly because such a simulation would take too
erage come from configurations whose Boltzmann factor isong. Instead we split the simulation into a number of smaller
small, leading to poor statistical accuracy. The method isimulations that were restricted to sample a sequence of nar-
based on the idea that the ensemble average can be rewritteow, but overlapping windows of different cluster sizes. In
as follows: practice it turned out that it is best to sample only about 15

3. Umbrella sampling with parallel tempering

Downloaded 09 May 2007 to 145.18.109.185. Redistribution subject to AIP license or copyright, see http://jcp.aip.org/jcp/copyright.jsp



3020 J. Chem. Phys., Vol. 120, No. 6, 8 February 2004 S. Auer and D. Frenkel

different cluster sizes in one window, to ensure high accu-

racy. This implies that the sequence of minima needed to be 160
placed in steps of 10n,=10, 20,..., up to sizes slightly 140
larger than critical cluster size.

In addition we implemented the parallel tempering 120
scheme of Geyer and Thomps&tiThe main reason for us- < :
ing this scheme is that stacking rearrangements in the nuclei N 100|
are very slow. With the parallel tempering scheme the phase
space can be sampled more efficiently. The idea is to run all
the simulations in the different windows in parallel and allow
them to exchange clusters between adjacent windows.

To illustrate this, we consider again the example of the
hard-sphere system. In this case we needed to calculate the
Gibbs free energy of a cluster up to a size of abaut
=170. We therefore split the simulations into 16 windows, LI | !
where the sequence of minima was placed in steps of 10, 00 20000 40000 60000
no=10, 20,...,160. In order to obtain the 16 starting configu- Number of blocks

rations we grew clusters from the “qUId' We always Stal’teqzlG. 5. Examples of the cluster size sampled during one simulation. The

from the liquid, applying the bias potential witlh=10. EV- ifferent configurations started with clusters of sizes 20, 50, and 110.
ery time a cluster was stabilized, the minimum was in-  Due to the parallel tempering technique, swapping between different win-

creased in steps of 10. In the parallel tempering simulatiolows is possible and the configurations could sample almost all possible
we started all simulations at the same time, but stopped theff'Ste" Sizes:
after five trajectories, to allow neighboring windows to ex-

change clusters. Before that, we need to decide which s&qovimum order of the polynomial used whs,,=10. The
quence we should use to change, either the windows |ineqr |east-square fit can be performed by using the algo-
=10 with 20, 30 with 40, and so on, or the sequence 20 ithjihms in Ref. 23. Note that by using a high-order polyno-
30, 40 with 50, and so on. This was done by generating &,i5| we do not assume a functional form of the nucleation
random number. The actual change between windQws 4 rier(the barrier might or might not be correctly described
IS acceptezd according to ﬂ*pﬁ(wn_wo)]' wherew,=ki/  py cNT). From the unbiased simulation we get the absolute
2(ni—nNg;)“+kj/2(n; —ng,) is the energy of the biasing po-  Gijpps free energy for the formation of a cluster of siasith

: — 2 2
tential before andv, = ki/2(n; —no;)“+kj/2(ni —no;)” after  regnact to the liquid state. Therefore the constaptis
the change. In practice it is more convenient to exchange thg,oyn 1n Fig. 7 we show the final result for the calculation

minima of the bias potential rather than configurations. Thisy¢ 5 nucleation barrier for hard spheres at presggifer®
requires much less communication between different com-_

puter nodes. As a result, each initial configuration is able to
reach in principle all cluster sizes in course of the simulation.4
In Fig. 5 we show the cluster sizes sampled during one simu- ) ) ) ) )
lation for three configurations, which started with cluster ~ e performed Monte Carlo simulations in the isobaric—
sizesny= 20, 50, and 110. The value for the constant of the/Sothermal ensembleN(PT) to compute the crystal nucle-
bias potential wak,=k=0.15 in all windows. As in the
unbiased run, the length of one trajectory was 20 moves per . , . , . I .
particle, plus about 10 volume moves, and in total we per- 15 . .
formed 100 000 trajectories. - . 1
In Fig. 6 we show the results for the Gibbs free energy of F W
a nucleus obtained from the simulations in each window [
(unbiased-biased runs The Gibbs free energies in the . .
different windows are determined up to a constant
AG;(n)/kgT+b;, where the subscriptindicates the number
of the window. In order to determine the constabtswe
fitted all the free energy estimates in the different windows to L |
one polynomial inn. This can be done by a linear least- 5 -
square fit, where we minimize

S

Cluster

I

80000

. Results and discussion

—
(=)
U |
.
.
.
.
.
-
|

AG(n)/k T

Ny

X:r;l [2 w;(n)

i=1 =1

kmax 2
AG(n)— >, aknk—bi} J I

k L | L | L ] L
5 , o _ _ % 20 40 60 80
Here Wi(n):j-/O'AGi(n) is the statistical weight determined Cluster size n

: 2
by the Vanancer,g,(n of 'the free energy mea'surem'ent and FIG. 6. Sequence of measured Gibbs free eneryi@g(n)/kgT+b; from
n,, the total number of windows used in the simulation. TheMonte Carlo Simulations in a system of hard spheres in different windows.
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FIG. 7. Gibbs free energy for the formation of a clustemdiard spheres, FIG. 8. Calculated f_ree energy barrier for homogeneous crystal nucleation
after fitting the results for the free energy in the different windows to one©f hard-sphere colloids. The results are shown for three values of the volume

fraction. The drawn curves are fits to the CNT expression(Eq.The fits
yield the following values: y.4(P=15)=0.71, y.(P=16)=0.737, and
ver(P=17)=0.751.

polynomial.

ation barrier at three different pressuigBo>=15, 16, 17.

The corresponding bulk volume fractions of the liquid areent from that of a flat interface at coexistence. For this reason
¢$=0.5207, 0.5277, 0.5343. These state points correspond tge also usedy as a fit parameter to our results. UsiRg

the lower range of supersaturations where hard-sphere nucle-(3n/(4mpg))*® we fitted Eq.(1) to our data. The result
ation has been studied experimentally. The reason for selectan be seen as the solid line in Fig. 8. As can be seen, the
ing this density regime is that at higher supersaturation théunctional form of the nucleation barrier seems to be de-
system starts to crystallize spontaneously on the time scale gtribed well by CNT, but the values for the fit parameter
the simulation. Moreover, under those conditions, the asy(P=15)=0.7kgT/0?, 7vex(P=16)=0.73%gT/0?, and
sumption of steady-state nucleation is no longer justified, ag4(P=17)=0.75kgT/o? are higher than the coexistence
nuclei will interact with other nuclei almost as soon as theyvalue and they increase with volume fraction. If we assume
are formed. At lower supersaturation the critical nucleus sizeéhat this dependence is linear, than our simulation results
becomes very large and the nucleation barrier very high. Thiextrapolate to a value of4(P=11.7)=0.6&kgT/o? at coex-

has two consequences, one experimental and one numericitence. For a detailed discussion of the dependence of the
Experimentally, nucleation events in this regime become exsurface free-energy density on the size of the crystal nucleus,
tremely rare. Numerically, very large system size are needegee Ref. 24. In Appendix C we discuss an alternative, ther-
to study nucleation in this regime. For both reasons, we demodynamic route to compute the surface free-energy density
cided not to simulate nucleation events in this regime. Theor the critical nucleus which yields the same results as our
details of the simulation are as described before and the restimate for the surface free-energy density from above.
sults are shown in Fig. 8. As expected, with increasing vol-  Our results for the surface tension can also be compared
ume fraction the crystal nucleation barrier decreases. Oub the values extracted from experiments. As already men-
simulation results for the crystal nucleation barrier can beioned in the introduction, Palbé’g fitted the data from
compared directly to the predictions from CNT for the nucle-Harland and van Megérand obtainedy=0.5gT/o? and
ation barrier, Eq(1), or the barrier height, Eq2). For the for the data from Heymannetal!* he found vy
hard-sphere system the chemical potential difference can be0.54gT/o2. These values seem to be rather low. As in the
calculated accurately using phenomenological equations of

state for the liquid and the solid. The details are described in

Appendix B and the results are shown in Table I. As theTABLE_I. Summary of the simulation results for _the ca_llculation of the
solid-liquid interfacial free energy of a small crystal | TUcelon e or noodepetse hrtphere couaas tehe e
nucleus in a supersaturated liquid is not knoapriori We ¢yster of critical sizen,y,. f.- /D, is the attachment rate of particles to the
use its corresponding value for a flat interface at coexistencyitical cluster divided by the free diffusion coefficient:=1/D, is the

This value has been calculated in a recent simul&tifor reduced nucleation rate andis the estimated typical jump distance from
three different crystal planes. Here we use,, the ca_lculation of the attachment ratku is the difference in chemical
—0.61kgT/0 which is the average of the three crystal POtental between the two phases.

planes. The results for the barrier height in order of increas- AG(Ngw)  New  fi /Dy logud1*] N Ap

ing density are\ G /kgT=27, 15.7, 10.2. These values are -

about 30%-50% lower than our numerical estimate. This 0'553; ‘2‘3'0 260 189 ~19.3 031 034
. . : 8 130 43  -135 0.46 0.4

discrepancy might be due to the fact that for a small nucleusg 534, 185 75 66 914 027 054

in a supersaturated liquid the interfacial free energy is differ
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experiments the particles used had a size polydispersity of 200 . T . T T T . .
about 5% we repeated our simulations for a suspension with r
5% polydispersity. We find that both systems have the same 180 7
nucleation barrier at the same..?® Therefore polydispersity - 1
cannot explain the discrepancy. Note that in our simulations 160 |
of the polydisperse system we used the semigrand ensemble< ‘ ‘
This implies that the difference in chemical potential in the & 1404 Ll ‘ i
two phases is equal for all particle radii and the interpretation ¢ | | |
of our barrier calculations with CNT is well defined, see also g 120 ‘ ‘

Appendix C.

=
100
B. Calculation of the kinetic prefactor -
80

1. General approach

In atomistic simulations, the kinetic prefactor is usually 60
H L | l |
calculated using the Be.nne.tt—Cha_ndIer s_ché‘fﬂa.thg case 0 2000 2000 5000
where the barrier crossing is relatively diffusive, it is attrac- Number of blocks
tive to use a modification proposed by Ruiz-Montetal >’
The principle of both methods is to generate a |arge numbe’f'(?- 9. The developmen_t of the sizeof the critical clqster during one
f independent configurations at the top of the barrier Thestrajectory at volume fractiogp=0.5277. Here one block is 100 moves per
0 ) p . 9 p 8 - : Sarticle in anNVE Monte Carlo simulation. Note in particular the fluctua-
Conflguratlons are then used as the Stal’tlng pOInt for an UNRfons of the cluster size about its critical value.
biased trajectory in which one determines if the nucleus
grows and the system crystallizes, or if it shrinks. From the
number of nuclei that grow and shrink one can extract théherefore needs to run a couple of trajectories and select the
kinetic factor. However, in order to get a reasonable estimatdata where this is the case. In the next section we show how
one has to simulate a rather large number of trajectories. Tewe applied this method to a system of hard-sphere colloids.
Wolde et al?® applied the approach of Ref. 27 to calculate
the gas-liquid nucleation rate in a Lennard-Jones systene. Application to hard colloidal spheres
Using over 300 trajectories of about 5000 time steps each, | I oo :
. o - . n principle, it is straightforward to apply the above
the resulting value for the transmission coefficient still had a . L
. ) . “method to the calculation of a kinetic factor for crystal nucle-
relative error close to 100%. The reason is that the barrier-

crossing process in a nucleation event is effectively, purel ation. However, in the case of hard colloidal spheres one
rossing p . o Y, PUr€lY ceds to have a simulation method that generates trajectories
diffusive. Fortunately, in that limit, we can compute the ki-

netic prefactor directly using the expressiote=Zp, f o foIIO\_/ving Brovynian dynamics, and the effect of hyc.irody-.
o > SFllane - pamic interactions also needs to be considered. Trajectories
wheref, is the attachment rate of particles to the critical fo|lowing Brownian dynamics could be generated using a
cluster. The Zeldovich facto is already known from the kinetic Monte Carlo scheme proposed by Hinson and
barrier calculation. In order to computécm, we assume that Cichocki?® These authors show that, in the limit of very

the critical cluster grows and shrinks via the diffusive attach-small maximum particle displacememixya—0, the trajec-
ment of single particles. We can then define an effectivdories generated by the kinetic Monte Carlo simulation are

diffusion constant for the change in critical cluster size, ~ stochastically equivalent to the process described by the
Smoluchowski equation. The limiAx,,—0 means that

patt :E<An<2=rit(t)> simulation time would become infinitely long. However,
Merit 2 t ' Hinson and Cichocki also propose an extrapolation proce-

dure with which this limit can be approached systematically

by repeating simulations with a smaller maximum displace-

L s ' I .
8000 10000

Here Anﬁcm(t)z[ncrit(t)—ncm(t=0)]2 is the mean square
change in the number of particles in the critical cluster. As

';hehslopetz Oftthls .chanzget|s/:e_la:ce+d tfft,he /czorresdpondmg at experiments nucleation rates are usually presented in
achment rates vigAng;(t))/t=( Nerit ncrit) » and as We - gimensionless forn* =10°/D,, whereo is the diameter of

know that, at the top of the barrier, the forward and backwarcy monomer and,, the free diffusion coefficient. Therefore
rates are equel, =f, . we get we only need to compute the ratfg /Dj. First we com-

1 (Angm(t)) puted the nucleation barrier using a bias€®T Monte
" . . . :
2 1 9 Cz_irlo S|mul_a_t|on. From these simulations we cpuld deter-
mine the critical cluster size and had generated independent
This is a general expression for the calculation of the kineticonfigurations in which such a cluster was stabilized. We
factor for diffusive barrier crossing. Using a molecular dy- used these configurations, to perform an unbiased kinetic
namics simulation one only needs to measure the change NVE Monte Carlo simulation, measuring the size of the
size of the critical cluster as a function of time. The only critical cluster as a function of Monte Carlo blocks. In Fig. 9
restriction is that, during the measurement, the criticalwe show such a measurementdat 0.5277F=16). From
nucleus needs to fluctuate around its critical value. Oné¢hese data we then extracted the attachment rate usin@Eg.
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800 T . . T ' performed about five trajectories. The length of the trajectory
depends on whether the cluster size fluctuates around the
critical size or not; if not the simulation is stopped. From
600} 7 these simulations we calculated the attachment rate. The er-
ror estimates vary between a factor of 1 for the larger critical
cluster sizes and a factor of 2 to 3 for the smaller cluster
400 I sizes. In the regime of smaller critical cluster sizes, the fluc-
tuations in cluster size are almost on the order of the critical
cluster size and it becomes therefore more difficult to get a
good estimate. To compare the efficiency of our scheme with
the previous one we need to compare the number of trajec-
tories to run, but also the absolute length of the trajectory
itself. The latter is difficult to compare as different systems
were simulated with different algorithms. However, as the
number of trajectories we used is about two orders of mag-

| 1 |
4000 6000 8000 nitude fewer the power of our scheme is clear.
Number of blocks

200

Attachment Rate f+/D0

[en]

) |
'2000 2000

FIG. 10. Attachment rate of particles to the critical cluster at volume frac-
tion ¢=0.5277. The attachment rate for short times is much higher than fors,
long times. As the diffusion time of a cluster over the nucleation barrier is in™"
the range of the long time behavior of the attachment rate, this value has to
be used.

Results and discussion

The results of our calculations of the attachment rate for
the monodisperse hard-sphere system are summarized in
Table I. As experimentally determined values for the kinetic
(see Fig. 10 Surprisingly, we see that the attachment ratefactor often differ by orders of magnitude from those pre-
has a different short-time and long-time behavior. This im-dicted by CNT it is important to compare our numerically
plies that, at short times, the diffusion in cluster size is not &&omputed kinetic factor with the ones predicted by CNT.
Markov process. As the diffusion of the critical cluster over From the calculation of the nucleation barrier we saw that
the nucleation barrier is on the time scale of the long-timethe functional form of the nucleation barrier can be fitted
behavior of the attachment rate, this is the value we have taccurately to the corresponding analytical expression from
use. To test the dependence of our results on the maximufNT. The prediction of the Zeldovich factor from our nu-
particle displacement we performed simulations for two dif-merical calculations and CNT are therefore almost identical.
ferent valuesAx,,,=0.12r and 0.012- The corresponding The remaining quantity to compare is the reduced attachment
values for the free diffusion coefficients ard, rate. Using Eq(5) it is given by
=_<Axﬁqéx>/6._The ratio of the results.fof,fcrit/Do in_both f2 IDo=24Ds/Do)n23N2,
simulations is equal to 4.79. Computing the long-time self-
diffusion coefficientD5/Do={(r(0)—r(t))?)/6tD, we geta If we assume thabs=D}, whereD} is the long-time dif-
ratio in both simulations of 5.07. Therefore the difference infusion constant, and treat as a fit parameter to reproduce
the results for the attachment rate is mainly due to diffusionour calculated attachment rates, we get values between
In our simulations we did not follow the extrapolation pro- A~0.27-0.4@ (see Table)lL This is in the order of the in-
cedure for Axm.—0 described in Ref. 29, as fakx,,,x terparticle spacing and therefore close to what we would ex-
=0.012r we are already in a limit where the attachment ratepect for a typical jump distance. In contrast to that, experi-
has effectively reached its limiting value. We justify this by mental estimates yield values\=2.8—-1%'2 The
testing our approach on the calculation of the long-time selfidentification Dg= Dg is justified by the fact that the time
diffusion coefficient, which will be discussed later. So far in A\?/D¥ corresponds to long-time diffusion.
our simulations we did not take hydrodynamic interactions  Our simulation results for the nucleation barrier and the
into account. However, these are certainly important in denskinetic prefactor allow us to predict the nucleation rates
colloidal suspensions. As proposed by Medina-NoyBlae  which can be directly compared to experiments without ad-
corrected for this effect by replacing the free diffusion coef-justable parameter. In Fig. 11 we show our numerical predic-
ficient Do by the short-time self-diffusion coefficieri3. tions for the reduced nucleation rate for a monodisperse sus-
We therefore have to multiply our result by a factar pension and a suspension with 5% polydispersity. The latter
=D§/D0. There are several rather similar functional formsresults can be compared directly to the experiments. Note
for this factor proposed in the literature. Here we used thehat the polydispersity in Ref. 8 is about 2.5%. As can be
phenomenological expression{1$/0.64Y17 3 where¢ is  seen from the figure, the dependence of the nucleation rates
the volume fraction. As a test of our approach, we computean the density of the system is much more pronounced in the
the reduced long-time self-diffusion coefficielht/DO. Our  simulations than in the experiments. This discrepancy be-
results, D§/Do=2.9>< 103, 2.5x10 3, 2.1x10 3, calcu- tween the simulations and experiment is unexpected and sig-
lated at volume fractionsp=0.5207, 0.5277, 0.5342, are nificant because hard-sphere colloids are among the best
within statistical error of experimental data, see e.g., Refs. 38tudied experimental realizations of a simple liquid. We
and 33. For the calculation of the kinetic factor we usuallyknow the structural and thermodynamic properties of hard-
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-3 . ; ‘ . ; . 1 situation can even be more subtle, at least for a Lennard-
-5 L v v<>§> v ] Jones system: The core of a stable Lennard-Jones cluster
71 v w v ’Y formed a stable fcc structure while the surface of the nucleus
\2 e QB QAO ] showed indications of a bcc structure. Thermodynamically
9 v? ] the formation of metastable phases might be explained by
Moy > ] differences in interfacial free energies. The formation of a
3 130 © bce-liquid interface might cost less energy than that of a
o‘)c’— -15 | ] fce-liquid interface. In the case of hard spheres it is known
o) < Schaetzel & Ackerson that the fcc phase is the stable structure, but the free energy
=17 + @, Harland & van Megen - . X
O Harland & van Megen difference between the fcc and the hcp structure is very small
-19 ¢ ACheng ] (<10 %kgT).%83 This means that thermal fluctuations of
=21 ¢ ¥ Sinn etal. , ] the order ofkgT could transform a cluster of 1000 particles
#—% Simulation (monodisperse) . .
=23 ¢ B Simulation (5% polydispersity)] from fcc to hep or just cause stacklng faults. Note that the fcc
=25 and the hcp structure differ only in the stacking of close-

0.51 0.52 0.53 0.54 0.55 0.56 0.57 0.58 0.59 packed hexagonal crystal planes. For the fcc structure the
) stacking is ABC, whereas for the hcp structure the stacking is
AB. If the interfacial free energies of a crystal fcc-liquid,

FIG. 11. Reduced nucleation ratids=1¢°/D, as a function of the volume hcp-liquid or a rhcp-liquid interface are different. than this
fraction of the metastable liquid. The simulation data for monodisperse col- idal letelv ch this pict H H f ¢
loids are indicated by the—the drawn curve joining the simulation points could also completely change this picture. Rere rhcp rerers to

is meant as a guide to the eye. In the same figure we show the experiment@l fandom stacking of the close-packed hexagonal crystal

results of Ref. ¢ ), Ref. 7(O and @), Ref. 32(A), and Ref. 8¥). We  planes. The question if small crystal nuclei are more fcc or
also performed simulations on model systems that have the same polydii;]—Cp like is not clear
persity (5%) as the experimental systems. These simulation results are de- '

40
noted by the filled squares. I

Experiments by Pusest al*° and Elliotet al** indicate

that the fcc structure is favored. Whereas in the microgravity

experiments by Zhet al*? they found that small nuclei have
sphere suspensions quite accurately and, more significantly, rncp structure. To resolve this question we analyzed the
these properties tend to be well reproduced by the ideaktructure of small nuclei that were generated in our simula-
hard-sphere model. Hence, large discrepancies between etiens. From a direct inspection of the nuclei we found that
periment and simulation cannot be easily dismissed as beinge structure of the nuclei is rndpee Fig. 12 In order to be
due to uncertainties in the parameters that characterize thgble to carry out the stacking analysis the nuclei needed to
colloidal suspension. Rather, we must envision the possibilhave a size of at least 150 particles, otherwise the number of
ity that either our theoretical description of crystallization is layers is too small. To study the structure of even smaller
inadequate or that what is measured is not really the steadywclei we performed a local bond-order analysis as described
state, homogeneous nucleation rate. In fact, the latter suggeigrSec. IIl A 1. We set up a set of vectorge,, Vuee, VicoViig -
tion is not altogether unreasonable, as light-scattering canneghich contain the characteristic distribution functions of the
be used to see the very early stages of crystal nucleatiomelevant lattice structures, i.e., rhcp, bee, ico, and the liquid
Second, the experiments are extremely sensitive to any retructure, see also Fig. 2. In our simulation the distribution
sidual ordering in the solution that may have survived thefunctions for the cluster were also calculated. The corre-
preparation of the experimental system. More experimentsponding vector is/,. The vectorv, was then decomposed
(and simulationsmay be needed to resolve this issue. by minimizing the difference,

— 2
A= {Vcl - (frhcpvrhcp+ fbcchcc+ ficoVico+ flququ)} .

Our simulation techniques also allow us to study the N COCHICIENtSTrncp, Foce, fico, fig are a measure for the

formation of small crystal nuclei in detail. This is interesting type of order in the system. If we apply this analysis to an

as already in 1897 Ostwalftipointed out the role of meta- equilibrated be crystal, we would géfe.=1 and zero for
. . the others. In Fig. 13 we show the results fag,, foces ficos
stable phases in crystal nucleation when he formulated his : . P .
. andf, as a function of the size of the largest cluster in the
famous step rule. This rule states that the phase that nucle- " o
. . stem atP=15. The results foP=16 are qualitatively

ates does not need to be the one that is thermodynamically . i .

milar. The figure shows that bcc and icosahedral structures
most stable. In the recent years there have been several at- ; :

ay no role in the nucleation process. Small clusters are

tempts to provide a microscopic explanafo® for Ost- P

salds obsenaion. Axander and MCTabtergue, on the ™ Gsorired and e on spprecale ke sSgna:
basis of Landau theory, that if the differences in the liquid | 9 P sig

and solid densities were not too great, then the phase tha | cluster sizes.

would be nucleated from the liquid would be bcc regardles

of the structure of the stabldowest free energyphase. §/ CONCLUSIONS

Klein and Leyvraz®®” showed that for deeply quenched sys- As should be clear from the preceding sections, special
tems with long-range interactions, the critical droplet cannumerical techniques are needed to study homogeneous crys-
have a bcc symmetry, but does not have a bcc crystallinel nucleation under “experimental” conditions. We de-
structure. Simulations by ten Wold al'® showed that the scribed these techniques in some detail, in order that the

IV. CLUSTER ANALYSIS

Downloaded 09 May 2007 to 145.18.109.185. Redistribution subject to AIP license or copyright, see http://jcp.aip.org/jcp/copyright.jsp



J. Chem. Phys., Vol. 120, No. 6, 8 February 2004 Crystallization rates in hard-sphere colloids 3025

We wish to stress that the methods described in this pa-
per are not fully satisfactory for several reasons. First of all,
it is one of our aims to investigate the pathway for crystal
nucleation. ldeally, such a study should be performed with-
out making anya priori assumptions about the order param-
eters that can act as “reaction coordinates.” In fact, the ap-
proach proposed by Chandler and co-worf&psovides, in
principle, such an unbiased scheme. However, for the present
problem, we were thus far unable to implement that scheme
in a way that would not be prohibitively costly.

Second, we should caution the reader against a too literal
interpretation of the nucleation barriers that we determine. A
different choice of order parameters would have resulted in a
different shape of the nucleation barrier. However, its height
should hardly be sensitive to this choice. Most importantly,
the absolute nucleation rate, i.e., the one object that can be
determined unambiguously in experiments, should not de-
pend at all on our choice of order parameter. A poor choice
of order parameters will make our simulations very ineffi-

cient but, given enough computing power, the resulting
FIG. 12. Snapshot of a cross section of a critical nucleus of a hard—spherﬁudeation rate should still be correct.
crystal at a liquid volume fractiop=0.5207. The figure shows a three-layer
thick slice through the center of the crystallite. Solidlike particles are shown
in light gray (yellow) and liquid-like particles in dark grafplue). The layers ACKNOWLEDGMENTS
shown in the figure are close-packed hexagonal crystal planes. The stacking
shown in this figure happens to be fcc-like, i.e., ABC stacking—however,  We thank T. Schilling and C. Valeriani for a critical read-

analysis_of many such snapshots showed that fcc and hcp stackings wefigg of the paper. We also thank T. Palberg for permission to
equally fikely. show Fig. 1 and for his comments on the paper. This work
was supported by the Division of Chemical Scien¢gsV)
) o _of the Netherlands organization for Scientific Research
reader may assess their validity. We stress that the technlqungo)_ The work of the FOM Institute is part of the re-

described in this paper are not “merely” numerical recipes.gagrch program of FOM, and is made possible by financial
On the contrary, in all cases, the physical approximation%upport from NWO.

behind the techniques are of crucial importance. Therefore,

this paper focuses more on the physics of nucleation than ORPPENDIX A: DISTRIBUTION OF CLUSTER SIZES
the numerics. The examples that we describe in this papgy EQUILIBRiUM

have been included for two reasorta) to illustrate the use

of the techniques that we describe i to provide more The distribution of cluster sizes can be derived micro-
detailed tabular material than could be included in earliescopically from statistical mechanics. The derivation is based
brief communication&2® on Refs. 14, 15, and 19. The partition function of a system
containingN particles in a volumeV at temperaturer is
given by
0.9 T .
Q(N,V,T)= ! f drVexd — BU(r)]
, T AN '
0.7 NAVAVAR N _ , . .
v HereU(r") is the potential energy of the configuration with
— BCC coordinates™N andA = h/\27mkTis the thermal de Broglie
"""""""" RHCP 1 wavelength. Now we assume that we have a criterion, that
f —--—- LlQuID enables us to identify a cluster in our system. We then define
i -—-—Ico a functionw,,(r") such that
1 if all n particles belong to the cluster,
wy(r") = .
| 0 otherwise.
In addition, we define a functiomv,(rN)=TIN . .[1
—wp;1(r",r;)], which ensures that all other particles do not
-0.1 ! '
0 100 200 300 belong to the cluster
Cluster size n w, (M)
FIG. 13. Structure analysis @¢pre)critical crystal nuclei. The figure shows 1 if no other particle belongs to the cluster
the relative weight of the structural signatures for rhcp, bec, icosahedral, and = ) ) '
liquidlike ordering in hard-sphere crystal nuclei of size 0 if any other particle belongs to the cluster.
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We can then define a partition function for a system
contains at least one-particle cluster

1
A3l ASNTM(N—n)!

Qn(N,V,T)=

xfdr”f drN T w (rMw, (rN)

xexgd —BU(r" rN"m],

where we have used the fact that there [dt&(n!(N—n)!)
ways to select am-particle cluster. Note that the remaining
particles may still form additional clusters of sire The
productw,,(r"w,(rN"") =1, only if all r" particles belong to
the specified cluster and all the othéY " do not. We now

S. Auer and D. Frenkel

thatexy — BU, \_nl)

_ JdrNon eXF[_IBUrq,N—n]eXF[_,BUN—n(rN_n)]
(N—n)!A3N-MQ(N—n,V,T) '

It is the average potential the particles in the cluster feel due
to the interactions with all other particles. We define now the
partition function of am-mer as

1

ntAS"

an(V.T)= - [ dr(ext— UL T)exst -~ BU;].
(A2)

Note thatq,(V,T,u) is the partition function of a cluster in
which the interaction with the remainingN(-n) molecules

rewrite the potential energy of the system as the sum of included in the factoXex —pUy,y_n])- The interaction

contributions from the particles in the clustéy(r") and the
contribution from all other particle)y_,(rN™"), plus the

contribution from the interactions between particles in the

cluster and the otherd , y_,(r",rN""). The partition func-
tion then becomes
1

QNN = e A (N1

% [ exg—puy )

xf dr"wow, exd —BUL(r")]

xeXF[_IBUn,N—n(rn’rN_n)]-

We can now define effective potentials for all the particles in

the cluster

U, =U,—kTIn[w,],

with possible other clusters is also included as such clusters
can still exist in the remainingN—n) particles. The parti-
tion function Eq.(Al) can then be written as

Qn(N,V,T)=Q(N=n,V,T)qn(V,T).

The probability to find at least one cluster of sizés then
given by
_Qn(vaaT) _ Q(N_n,V,T)
" Q(N,V,T)  Q(N,V,T)

an(V,T).

As the free energy of the system is given Wy
—kTIn[Q], the above equation becomes

Pr=0n(V,T)exd — B(F(N—Nn,V,T)—F(N,V,T))].

Using

n

JF
F(N—n,V,T)%F(N,V,T)—(
v,T

oN

it follows that

and the interaction between cluster particles and the others

rlw,an: Un,an_kTIn[Wr]a

yielding

1 1
NV~ m=m Ny Ao

x [ e —puy )

x [ drrexit— pujlext - pU ).

Multiplication of the right-hand side by Q(N

-n,V,T)/Q(N—n,V,T) gives

Qn(N,V,T)=

— QIN-NV.T)

X f dr(exd — U, y_nlyexd — BU],

(A1)
where we have defined a potential of mean force

Ph=0,(V,T)exd + Bun].

The problem with this definition of the probability is that it
depends on the volumé. To see this we rewrite EGA2)

1
ntAS"

(V. T) = f dr exp] — BUeq),

where we defined an effective potentidlg=(U},\_,)+U,.
Rewriting the partition function in terms of the center of
mass of the cluster yields

n3

an(V, T)= deCMfdr,n_lqu_BUeﬁ]-

ntAS"
Performing the integral over the center of mass and defining
a partition function of the cluster in terms of the internal
coordinates we get

_1 X internal
QH_Aﬁ qn ’
whereA ,=h/{27nmkTis the de Broglie wavelength of the
cluster and
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_ 32 whereP(p) is the pressure anB'“(p)/NkgT=In(p)—1 the
'r?‘e”‘a'=WJ’ dr'" Texd — BUx]. free energy of an ideal gas at densityThe corresponding
A n! chemical potential is given by
It is better to define an intensive probability distribution u(p) F(p) P(p)
P KeT  NKaT | pkgT'

The calculation of the chemical potential of the solid is
slightly more complicated. The reason is that it is not pos-
wherep is the number density of the system. For rare clustersiple to perform the integration from the ideal gas limit, as
we can write the probability as the solid melts at lower densities. One has to calculate the
P, =pn(1)+pa(2)+--~py(1), (A3) excess free energy ofa sqlid ata .reference density Whgrg the
solid is stable, which requires a different thermodynamic in-
wherep,(i) is the probability that there are exactlglusters  tegration technique, the so-called Einstein integration. The
of sizen. If we assume that the formation of different clus- idea is to transform the solid reversibly into an Einstein crys-
ters is uncorrelateg,(i)=[pn(1)]', then we can neglect tal, where the atoms are coupled harmonically to their lattice
higher order terms provided the probabilities are smallsites. The free energy can be calculated very precisely and
pn(1)<1. As the average number of clusters of sizés  we use the results from Polsat al** for the excess free

1
internal
= exqg — nj,

equal to energy of a(defect fre¢ hard-sphere solid at coexistence:
_ F(peoex=1.0409) Nk T=5.918 89. From the above equa-
N,=1pn(1)+2p,(2)+3p,(3)+--- Ad . \Feoex B . i .
n=1Pn(1)F2pn(2) +3pn(3) (A4) tion we can then calculate the chemical potential of the solid
we can write in the case of rare clusters at any other density according to
id
Po No 1 .. m(p) _F(p) 591889 iJ’” do’
NN p_Aﬁqn exp —Bun]. (A5) keT ~ NkgT '~ KeT Jocoer
We note that this is a classical result and should not depend P(p')—p'ksT| P(p)
on Planck’s constartt, and, in fact it does not, as the ideal X p'2 pkgT"
gas part of the chemical potential ) )
o For the equation of state(p) we used the analytical expres-
pm=pu+KTIN[A] sions by Haf® for the liquid and the solid. The integration
cancels thén in A, . was performed numerically.

The main point of Eq(A5) is that we can write down a
microscopic expression for the equilibrium number of APPENDIX C: SURFACE FREE ENERGIES
n-clusters if this number, which is equal to the probability of OF CRITICAL NUCLEI
finding one cluster of siz@, is much less than one. Using .
Eq. (6) this in turn defines an intensive Gibbs free energy of N general, the value of the surface tensiam, more

the cluster where the reference state is the homogeneo@€nerally, surface free-energy densidepends on the crite-
phase rion used to define the surface of a cluster. However, in the

special case that we consider a critical nucleus, there exists a
thermodynamic relation between the height of the nucleation
barrier and the surface free-energy density associated with

. . . the thermodynamic surface of tension. Below, we derive this
This is the key relation which enables us to compute a nucle

. - . . relation.
ation barrier in a Monte Carlo simulation. Consider two systems. System | contains the homoge-

neous, metastable phagk System Il contains the parent
phase(p) in unstable equilibrium with a critical nucleus of
APPENDIX B: CALCULATION phasea. We consider the general case that the parent phase
OF THE CHEMICAL POTENTIAL is ann-component mixture. The height of the nucleation bar-
_ ) _ rier can be computed in several wagepending on the ther-
_ Here we desc_nbe the calculation of the chemical pOte”'modynamic variables that we keep fiyeBor instance, for a
tial for the monodisperse hard-sphere system. For the calcyystem at constant pressure and temperature, the nucleation

lation of the chemical potential of the two phases, we perpayrier is given by the difference in Gibbs free energy be-
formed a thermodynamic integration. The Helmholtz freeyyeen states Il and 1. To compute this barrier, we first evalu-

energyF, per particle and in units of the thermal enekgf, ate the difference in the internal energy
of a liquid is determined by integrating the equation of state,

%=exp[—AG(n)/kBT]. (AB)

starting from low densities, where the fluid behaves like an AU=U"-U". (Cy
ideal gas’! The internal energy of system | is given by
F(p) F%p) 1 (» P(p')—p'keT -
- = 222 FPB I_Tla_ iy IN.
NkgT NkBT+kBTLd p'? ' U'=TS pV+Z,l miN;i, (C2
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Where,ui' is the chemical potential of compondnh state I.  semigrand ensemble, this means that, at coexistence, the
As state Il is also in equilibriuntbe it an unstable onethe  temperature and pressure of the two phases are equal, as are
chemical potentials of all species are also constant througtall Aw;, and finally also the chemical potential; of the
out the system—even though the system itself is inhomogereference compound. Now consider what happens if we su-
neous. The internal energy of system Il is given by persaturate the parent phase, for instance by compression
. (the analysis for the case of supercooling follows by anal-
ogy). In the semigrand ensemble we perform this supersatu-
ration by increasing?, while keepingl and allA i; constant.
e Lol o . Note that this route need not correspond to the physical route

=TS (P Pa) Vo= PV + 7’A+izzl wiNi. (€3 for supersaturation. The reason is the physical routess-

ally) to supersaturatat constant compositiorBut in that

We consider the situation that the nucleus is formed atase, allA u; change by different amounts, and this is pre-
constant pressure and temperature. In that gasepy=p,  cisely the factor that complicates the analysis of nucleation
T'=T"=T and u{=u{ = ;. The last equality follows be- in multicomponent systems.
cause the chemical potential in the parent phase is a function Suppose that we have compressed the system up to a
of P andT only. The difference between the internal energieSpressurepﬁ where u; (and thereby ally;) in the parent
of systems | and Il is then given by phase have increased by an amahpt®. An equal compres-

_ /1l sion of the phase leads to an increaskeu® in the chemical

AU=TASH(p=Pa)Vat yA—PAY, €4 potential ofpall species in that phase. gbviouﬁlyx,“ is less
where AS=S"—-5 and AV=V"-V'. Note that the terms than Au”, because beyond coexistence, phasis meta-
involving the chemical potentials drop out of the expressiorstable. However, we can compress phade a higher pres-
for AU. The expression for the nucleation barrier then be-sureP, such that

comes o
o Ap(P)=AuP(Pp). (C9)
AG=AU+pAV—=TAS=(p—pa)V,tvA. (€5 Note that, as we are working in the semigrand ensemble
This equation holds for every dividing surface. Moreover, wewhere we keep alAu; constant, we have thus achieved
have not made any approximations concerning the compresgguality of the chemical potentials in the two phasesafior
ibility of either phase, nor concerning the interfacial freespecies in the multicomponent mixture. In homogeneous

energy. If we choose the surface of tension as the dividingiucleation, it is the Laplace pressux@ that ensures that the
surface, then we can use the Lap|ace equatiqﬁ'p ( chemical potential of every individual SpeCieS is equal inside

U'=Ts"—plVi—piVi+ yA-I—i:El wi'N;

a

n

=27v,/Rs) to express the height of the barrier as and outside the critical nucleus. We can therefore make the
immediate identification,
4 2 3
AG:§szyS=?ApRS. (Co) Ap=P,—Pg. (C9

Of course, once we have determined the presByrethen
the density and composition of phaaeollow.
In a simulation, we can solve equatiéG8) by making
use of the fact that, for a semigrand ensemble we have the
13 following relation:
AGllgApyS. (C7)
(9/1/1 V

_ _ —= = (C10
We stress that, for every component, the chemical potentials P N

in the parent phase and in the critical nucleus are the samgye can compute the average volumén a semigrand simu-
In the absence of the Laplace pressure, the chemical potepgion, and hence we can obtal by integration. Our ex-

effect of the Laplace pressure is to compensate this differ-

ence for every componeitAt first sight, it would seem that fpﬁﬂpw(p)) dp= JPB (V(P)),dP. (C1D)
the computation ofAp is an intractable problem for a mul- Pecoex “ Peoex P

ticomponent system—to satisfy the condition theft= u” This can also be written as

for all i, it is not enough to compress phagewe should also

change its composition. The problem is greatly simplified if fpﬁﬂpw(p)) dP=AuA(Py) (C12

we make use of the semigrand canonical ensemble. In the Je, “ HATR

semigrand ensemble, the independent variables that descrip«ar an incompressible system, we can simplify this expres-
the state of am-component system are: the temperatije sion further, but we will not (jo this here. Once we have

the pressur®, the total number of particled and the set of computedAp, we can estimate the interfacial free-enengy

n—1 difference_s in the che_mical potential ) bet\_/v_een a by using our numerical information about the nucleation bar-
reference specigsay, species)land all other species# 1. rier AG, using Eq.(C7)

The number of componentscan be infinite. U3
At coexistence, the chemical potentials of all species _ 3 AGY3A p2/3
the two phases, are equal?’=u’. In the notation of the Ys7\ 16m P

In what follows, it will turn out to be convenient to express
the surface tensions in terms of the barrier heighf G and
the Laplace pressurp

Ys=

167
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